Bose-Einstein condensation at finite momentum and magnon condensation in
  thin film ferromagnets by Hick, Johannes et al.
EPJ manuscript No.
(will be inserted by the editor)
Bose-Einstein condensation at finite momentum and magnon
condensation in thin film ferromagnets
J. Hick, F. Sauli, A. Kreisel, and P. Kopietz
Institut fu¨r Theoretische Physik, Universita¨t Frankfurt, Max-von-Laue Strasse 1, 60438 Frankfurt, Germany
October 22, 2010
Abstract. We use the Gross-Pitaevskii equation to determine the spatial structure of the condensate density
of interacting bosons whose energy dispersion k has two degenerate minima at finite wave-vectors ±q.
We show that in general the Fourier transform of the condensate density has finite amplitudes for all
integer multiples of q. If the interaction is such that many Fourier components contribute, the Bose
condensate is localized at the sites of a one-dimensional lattice with spacing 2pi/|q|; in this case Bose-
Einstein condensation resembles the transition from a liquid to a crystalline solid. We use our results to
investigate the spatial structure of the Bose condensate formed by magnons in thin films of ferromagnets
with dipole-dipole interactions.
PACS. 03.75.Hh Static properties of condensates; thermodynamical, statistical, and structural properties
75.10.JmQuantized spin models – 75.30.Ds Spin waves
1 Introduction
This work is motivated by the recent discovery [1,2,3,4,5]
of a new coherence phenomenon of magnons in thin stripes
made of the magnetic insulator yttrium-iron garnet (YIG).
The energy dispersion k of the lowest magnon mode in
this system has a rather unusual momentum-dependence
which is crucial to understand the experiments: for a cer-
tain range of orientations of an external magnetic field,
k exhibits two degenerate minima at finite wave-vectors
+q and −q. The value of q is determined by a subtle
interplay between exchange interactions, dipole-dipole in-
teractions, and finite-size effects [6,7]. The experimentally
observed strong enhancement of the occupation of the
magnon modes with wave-vectors ±q has been interpreted
as Bose-Einstein condensation (BEC) of magnons.
Another class of boson systems where the energy dis-
persion has degenerate minima at finite wave-vectors ±q
are magnon gases in quantum helimagnets in a magnetic
field [8]. Apart from the experimental relevance, the gen-
eral problem of BEC in systems where the energy disper-
sion has a minimum for non-zero wave-vectors is inter-
esting on its own. In this context we mention the work
by Yukalov [9], who has investigated BEC in an interact-
ing Bose system whose energy dispersion is minimal on a
sphere in momentum space. He found that in this case the
condensed state neither exhibits off-diagonal long-range
nor is it superfluid. Moreover, Yukalov also pointed out an
interesting analogy between BEC at finite momentum and
the liquid-crystal phase transition, which can also be un-
derstood in terms of a Ginzburg-Landau functional whose
Gaussian term exhibits minima on a surface in momentum
space [10,11].
The fact that BEC of quasi-particles is not necessar-
ily accompanied by superfluidity has been emphasized by
Kohn and Sherrington [12], who classified bosons into two
different types: the first type consists of bound complexes
of an even number of fermions; in the case of condensation
of these bosons, superfluidity and off diagonal long-range
order occurs. The second type of bosons consists of quasi-
particles such as excitons and magnons; when the second
type condenses, there is no superfluidity, but a change
of spatial or magnetic order [12,13]. Obviously, BEC of
magnons in YIG is of the second type. From the point of
view of critical phenomena it is not surprising that BEC
at finite momentum is rather different from BEC at zero
momentum. In fact, phase transitions which are character-
ized by an order parameter which condenses on a surface
in momentum space belong to their own universality class,
the so-called Brazovskii universality class [14,15].
In this work we shall examine the general problem of
BEC in a Bose gas whose energy dispersion has degenerate
minima at two finite wave-vectors ±q. We show that in
this case the time-independent Gross-Pitaevskii equation
implies that the Fourier transform φk of the condensate
wave-function has finite amplitudes φ0, φ±q, φ±2q, . . . for
integer multiples of the fundamental wave-vector q. Pre-
viously a theoretical analysis of magnon-BEC in YIG has
been performed by Tupitsyn, Stamp, and Burin [16]. How-
ever, the effect of the spatial structure of the condensate
wave-function as implied by the Gross-Pitaevskii equation
was not considered by these authors.
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2 BEC at finite momentum
In this section we shall study BEC in a general class of
interacting boson models on a lattice whose Hamiltonian
is of the form
H = H2 +H3 +H4. (1)
The quadratic part H2 of the Hamiltonian is given by
H2 =
∑
k
[
ka
†
kak +
γk
2
a†ka
†
−k +
γ∗k
2
a−kak
]
, (2)
where ak and a
†
k are the usual canonical annihilation and
creation operators, the energy dispersion k is assumed
to exhibit two degenerate minima at finite wave-vectors
±q, and the terms proportional to the complex parame-
ter γk explicitly break the U(1) symmetry associated with
particle number conservation. In YIG these terms are re-
lated to an external pumping filed, as explained in the
appendix. In the absence of U(1) symmetry, the Hamilto-
nian can also contain contributions involving three powers
of boson operators, which in general are of the form
H3 =
1√
N
∑
k1k2k3
δk1+k2+k3,0
[
1
2
Γ a¯aa1;23a
†
−1a2a3 +
1
2
Γ a¯a¯a12;3a
†
−1a
†
−2a3
+
1
3!
Γ aaa123 a1a2a3 +
1
3!
Γ a¯a¯a¯123 a
†
−1a
†
−2a
†
−3
]
, (3)
where N is the total number of sites of the underlying
lattice. For simplicity we write a1 ≡ ak1 and abbreviate
the interaction vertices by Γ a¯aak1;k2k3 ≡ Γ a¯aa1;23 etc.. Finally,
the part H4 to the Hamiltonian involving four powers of
the boson operators is in the absence of U(1)-symmetry
given by
H4 =
1
N
∑
k1...k4
δk1+...+k4,0
[ 1
(2!)2
Γ a¯a¯aa12;34a
†
−1a
†
−2a3a4
+
1
3!
Γ a¯aaa1;234a
†
−1a2a3a4 +
1
3!
Γ a¯a¯a¯a123;4a
†
−1a
†
−2a
†
−3a4
+
1
4!
Γ aaaa1234 a1a2a3a4 +
1
4!
Γ a¯a¯a¯a¯1234 a
†
−1a
†
−2a
†
−3a
†
−4
]
. (4)
In the appendix we shall show how to obtain a boson
Hamiltonian of the above form from an effective spin
Hamiltonian describing the lowest magnon band of YIG
in the so-called parallel pumping geometry [7,16,17].
The spatial dependence of the Bose condensate is de-
termined by the Gross-Pitaevskii equation [18], which can
be obtained from the extremum of the corresponding Eu-
clidean action. In order to write the various interaction
processes in a compact notation, we introduce a two-
component complex field Φσk(τ), where τ is the imaginary
time and σ = a, a¯ labels the two components according to
the prescription
ak → Φak(τ) , a†k → Φa¯−k(τ). (5)
The quadratic part H2 of the Hamiltonian corresponds
then to the Gaussian action
S2[Φ] =
1
2
∫ β
0
dτ
∑
k
(Φa¯−k, Φ
a
−k)
×
(
∂τ + k − µ γk
γ∗k −∂τ + k − µ
)(
Φak
Φa¯k
)
, (6)
where β is the inverse temperature and µ is the chemical
potential. The Euclidean action corresponding to the in-
teraction parts H3 and H4 can be written in the following
symmetrized form,
S3[Φ] =
∫ β
0
dτ
1√
N
∑
k1k2k3
∑
σ1σ2σ3
δk1+k2+k3,0
× 1
3!
Γ3(k1σ1,k2σ2,k3σ3)Φ
σ1
k1
Φσ2k2Φ
σ3
k3
, (7)
S4[Φ] =
∫ β
0
dτ
1
N
∑
k1...k4
∑
σ1...σ4
δk1+...+k4,0
× 1
4!
Γ4(k1σ1, . . . ,k4σ4)Φ
σ1
k1
. . . Φσ4k4 , (8)
where the flavor indices σi = a, a¯ keep track of the two
different field types, and the vertices Γ3(k1σ1,k2σ2,k3σ3)
and Γ4(k1σ1, . . . ,k4σ4) are completely symmetric under
the permutation of all indices. The combinatorial factors
in these expressions are chosen [19] such that for a given
ordering of the indices the completely symmetrized ver-
tices can be identified with the partially symmetrized ver-
tices appearing in Eqs. (3, 4), for example
Γ3(k1a¯,k2a,k3a) = Γ
a¯aa
1;23. (9)
In the presence of a Bose condensate some of the expecta-
tion values φσk = 〈Φσk〉 are finite and proportional to
√
N .
In equilibrium the order parameter fields φσk are indepen-
dent of the imaginary time. It is then useful to shift the
integration variables Φ in the Euclidean functional inte-
gral according to Φσk(τ) = φ
σ
k + δΦ
σ
k(τ) and expand the
Euclidean action S[Φ] = S2[Φ] + S3[Φ] + S4[Φ] in powers
of the fluctuations,
S[φ+ δΦ] = S[φ] +
∫ β
0
dτ
∑
kσ
δS[Φ]
δΦσk(τ)
∣∣∣∣
Φ=φ
δΦσk(τ) + . . . .
(10)
The physical order parameter field is determined by de-
manding that the first variation of the action vanishes,
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which yields the Gross-Pitaevskii equation
0 =
δS[Φ]
δΦσk(τ)
∣∣∣∣
Φ=φ
= (k − µ)φσ¯−k + γσkφσ−k
+
1√
N
∑
k1k2
∑
σ1σ2
δk+k1+k2,0
×1
2
Γ3(kσ,k1σ1,k2σ2)φ
σ1
k1
φσ2k2
+
1
N
∑
k1k2k3
∑
σ1σ2σ3
δk+k1+k2+k3,0
× 1
3!
Γ4(kσ,k1σ1,k2σ2,k3σ3)φ
σ1
k1
φσ2k2φ
σ3
k3
, (11)
where we have defined γak = γ
∗
k and γ
a¯
k = γk.
To begin with, let us assume that the system condenses
in a state where only the k = 0 mode is macroscopically
occupied. Such a state tends to be favored if the dispersion
has a minimum at k = 0. In this case
φσk = δk,0
√
Nψσ0 , (12)
where the complex parameter ψa0 = (ψ
a¯
0 )
∗ is expected
to be of the order of unity. Assuming for simplicity that
γσ0 = γ0 is real, we then obtain from our general Gross-
Pitaevskii equation (11)
0 = r0ψ
σ¯
0 + γ0ψ
σ
0 +
1
2
∑
σ1σ2
Γ3(0σ, 0σ1, 0σ2)ψ
σ1
0 ψ
σ2
0
+
1
3!
∑
σ1σ2σ3
Γ4(0σ, 0σ1, 0σ2, 0σ3)ψ
σ1
0 ψ
σ2
0 ψ
σ3
0 , (13)
where
r0 = 0 − µ. (14)
We adopt here the standard notation in the field of criti-
cal phenomena [20] where a negative value of r0 implies a
finite expectation value of the order parameter field. As-
suming further that the three-legged vertices vanish and
that only the particle number conserving four-legged ver-
tex Γ a¯a¯aa00;00 ≡ u4 is finite and positive, we find that the
Gross-Pitaevskii equation (13) has two degenerate solu-
tions
ψσ0 = ±i
√
2(γ0 − r0)
u4
. (15)
Note that even for positive r0 = 0 − µ the condensate is
stable if the energy scale γ0 associated with explicit sym-
metry breaking is sufficiently large. Of course, for γ0 6= 0
there is no spontaneous symmetry breaking so that there
is no gapless Goldstone mode in the condensed state. Due
to the symmetry breaking terms a†ka
†
−k and a−kak in the
quadratic part H2 of our Hamiltonian the effective poten-
tial
Ueff [ψ
a¯
0 , ψ
a
0 ] = N
−1S[Φσk →
√
Nδk,0ψ
σ
0 ] (16)
has two degenerate minima at purely imaginary values
of the field as shown in Fig. 1. Cubic terms (which are
neglected in these plots) distort the effective potential and
Fig. 1. (Color online) Effective potential for zero momen-
tum BEC in the presence of explicit symmetry breaking, see
Eq. (16). The quadratic part of the Hamiltonian is then given
by Eq. (2), where for simplicity we assume that γ0 is real
and positive. For the graphs the cubic vertices have been ne-
glected and only the particle-number conserving component
of the four-point vertices Γ a¯a¯aa00;00 ≡ u4 has been retained. The
graphs are for γ0 − r0 > 0 where the effective potential has
two degenerate minima on the imaginary axis. Upper graph:
for r0 < 0 the center of the effective potential is a local maxi-
mum so that its shape resembles Napoleon’s hat. Lower graph:
for r0 > 0 the local maximum in (a) transforms into a saddle
point.
break the degeneracy of the two minima. The problem of
BEC at zero momentum in the presence of U(1) symmetry
breaking terms has been discussed previously in Ref. [21].
Next let us study the more interesting case where the
dispersion k has two degenerate minima at finite wave-
vectors ±q. At the first sight it seems that in this case
one can find solutions of the Gross-Pitaevskii equation
(11) where only the modes with k = ±q condense,
φσk =
√
N [δk,qψ
σ
1 + δk,−qψ
σ
−1]. (17)
Keeping in mind that ψa1 = 〈aq〉/
√
N and ψa¯−1 =
〈a†q〉/
√
N , we see that (ψσ1 )
∗ = ψσ¯−1. In real space the
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condensate wave-function (17) corresponds to
φσ(r) =
1√
N
∑
k
eik·rφσk = e
iq·rψσ1 + e
−iq·rψσ−1. (18)
Setting ψσ1 = ψ
σ
−1 = ψ, the corresponding condensate
density is
ρ1(r) = |φa(r)|2 = 4|ψ|2 cos2(q · r). (19)
The important point is now that a condensate wave-
function of this type does not solve the Gross-Pitaevskii
equation (11), because the interaction terms couple the
Fourier components with k = ±q to all other Fourier
components involving arbitrary integer multiples nq of the
fundamental wave-vector q, where n = 0,±1,±2, . . .. To
see this more clearly, let us substitute the general ansatz
φσk =
√
N
∞∑
n=−∞
δk,qnψ
σ
n (20)
into Eq. (11) where qn = nq. Setting the external wave-
vector k = −qn in Eq. (11) and defining rn = −qn − µ
and γn = γ−qn (assuming again that γk is real), we obtain
the discrete Gross-Pitaevskii equation,
− rnψσ¯n − γnψσn =
1
2
∑
n1n2
∑
σ1σ2
δn,n1+n2V
σσ1σ2
nn1n2 ψ
σ1
n1ψ
σ2
n2
+
1
3!
∑
n1n2n3
∑
σ1σ2σ3
δn,n1+n2+n3U
σσ1σ2σ3
nn1n2n3 ψ
σ1
n1ψ
σ2
n2ψ
σ3
n3 , (21)
where
V σσ1σ2nn1n2 = Γ3(qnσ, qn1σ1, qn2σ2), (22)
Uσσ1σ2σ3nn1n2n3 = Γ4(qnσ, qn1σ1, qn2σ2, qn3σ3). (23)
The crucial point is now that if we assume on the right-
hand side of Eq. (21) that only the coefficients ψσini with
ni = ±1 are finite, then we find after carrying out the sum
that on the left-hand side all field components ψσn with
n = 0,±1,±2,±3 must also be finite, so that the assump-
tion that only the modes with wave-vector ±q condense is
not self-consistent. For general interactions where all in-
teraction coefficients V σσ1σ2nn1n2 and U
σσ1σ2σ3
nn1n2n3 are finite, the
Fourier transform of a self-consistent solution of the Gross-
Pitaevskii equation must therefore have finite weight for
all integer multiples of q. Depending on the behavior of the
interaction coefficients the spatial behavior of the conden-
sate wave-function can look rather differently. In Sec. 3 we
shall show that for YIG the cubic interaction coefficients
V σσ1σ2nn1n2 actually vanish identically, and that the behav-
ior of the quartic coefficients Uσσ1σ2σ3nn1n2n3 is such that the
component ψσ±1 of the condensate wave-function is much
larger than the other components. In this case the spa-
tial distribution of the condensate density is to a good
approximation given by Eq. (19). On the other hand for
some other types of interactions many Fourier components
of the solution of the discrete Gross-Pitaevskii equation
can have the same order of magnitude. In this case the
Fig. 2. (Color online) This plot illustrates the fact that
the condensate wave-function is more localized in real space
if many Fourier components contribute. The dash-doted and
the solid lines represent condensate densities associated with
a condensate wave-function where the 5 odd Fourier modes
q1, q3, q5, q7, q9 are macroscopically occupied. For the dashed-
dotted line we have assumed that all 5 modes have the same
weight, while the dashed line corresponds to YIG with pump-
ing parameter γ1/r1 = 3, see Table 1. For comparison, the
dashed line is the condensate density ρ1 (r) where only the
modes with wave vectors ±q are macroscopically occupied, see
Eq. 19.
condensate density is strongly localized at the sites of a
one-dimensional lattice with spacing 2pi/|q|. For example,
if we assume that the first m Fourier components are fi-
nite and equal, ψσn = ψ/
√
m for 1 ≤ |n| ≤ m, then the
condensate density is given by
ρm(r) =
∣∣∣∣∣ 2ψ√m
m∑
n=1
cos(qn · r)
∣∣∣∣∣
2
. (24)
To obtain a properly normalized density, it is necessary to
scale the order parameter as ψ/
√
m. In Fig. 2 we compare
the single-component density ρ1(r) given in Eq. (19) with
the corresponding multi-component density where the 5
odd Fourier modes q1, q3, q5, q7, q9 are macroscopically
occupied. Obviously, in this case one can already observe
a strong localization of the condensate at the sites of a
one-dimensional lattice with spacing pi/|q|. It is then ap-
propriate to think of BEC as a condensation phenomenon
in real space. In fact, the formation of the Bose condensate
resembles in this case the phase transition from a liquid to
a crystalline solid [9]. However, in the three-dimensional
crystal formation problem the situation is more compli-
cated because the Gaussian term in a Ginzburg-Landau
theory exhibits a minimum on a surface in momentum
space, and for the crystal structure the cubic term in the
expansion of the Landau functional in powers of the den-
sity play also an important role [10,11].
3 BEC of magnons in YIG
It is well known [7,17,24,26,27,28,29,30,31] that the ef-
fective magnon Hamiltonian for YIG can be cast into the
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general form given in Eqs. (1–4). In the appendix we sum-
marize the main steps and approximations in the deriva-
tion of the magnon Hamiltonian for YIG from a real-
istic spin Hamiltonian and give explicit expressions for
the interaction vertices. If the samples have the shape
of thin stripes and if an external magnetic field is ori-
ented along the direction of the stripes (which we call
the z-direction), the energy dispersion k of the lowest
magnon band indeed has two degenerate minima wave-
vectors ±q = ±qez. From the explicit expressions for the
three-point vertices for YIG given in Eqs. (A16, A17) and
(A28a–A28d) we see that for this direction of q all three-
magnon interaction vertices V σσ1σ2nn1n2 defined in Eq. (22)
vanish identically, so that for the discussion of BEC in
YIG one can omit the first term on the right-hand side of
the discrete Gross-Pitaevskii equation (21). We can then
construct self-consistent solutions of this equation involv-
ing only Fourier components ψσ±n with n = (2j + 1)n1,
where j = 0, 1, 2, . . ., and n1 is the label of the lowest finite
Fourier component. Because in experiments the samples
are kept at room temperature, leading to a finite ther-
mal magnon density at k = ±q, and energy transfer by
pumping is mostly done to modes whose energy is less
than 2q, we expect that the Fourier components ψ
σ
±1 are
dominant. In the following we therefore set n1 = 1 and
consider solutions of the type
φσk =
√
N
∑
n odd
δk,qnψ
σ
n . (25)
The infinite set of Fourier components ψσ±1, ψ
σ
±3, ψ
σ
±5, . . .
is determined by setting n = ±1,±3,±5, . . . in the discrete
Gross-Pitaevskii equation (21), keeping in mind that for
BEC of magnons in YIG we should set V σσ1σ2nn1n2 = 0 and
use the four-point vertices Uσσ1σ2σ3nn1n2n3 defined via Eqs. (23),
(A18–A20), and (A29a–A29e). We have solved these equa-
tions numerically by truncating the expansion (25) at
some finite order m > |n|. For positive r1 non-trivial so-
lutions can be obtained for
γ1 > r1 = q − µ . (26)
If r1 is negative, we find solutions for arbitrary γ1, includ-
ing γ1 = 0. As discussed in the appendix, to describe the
stationary non-equilibrium state of the magnon gas in YIG
under the influence of an external microwave field oscillat-
ing with frequency ω0, one should re-define q → q−ω0/2
and use an appropriate chemical potential µ. It turns out
that the Fourier coefficients ψσn decay rapidly for large n,
so that in practice it is not necessary to choose the cut-
off m larger than 10 to obtain converged results. Typical
numerical results are summarized in Table I and are rep-
resented graphically in Fig. 3.
Obviously, for YIG the first Fourier components ψσ±1
of the condensate wave function are dominant, so that
the spatial structure of the condensate density is to a
good approximation given by ρ1(r) given in Eq. (19). This
is consistent with the experiments by Demokritov and
co-workers [1,2,3,4,5], who observed a strong enhance-
ment of the magnon distribution only for wave-vectors
Table 1. Numerical results for |ψ1| ≡ |ψσ1 | and the ratios
|ψn| / |ψ1| for different values of the dimensionless pumping
parameters γ1/r1 for r1 > 0. Note that for r1 > 0 there is
no condensate if γ1/r1 < 1. The numbers have been obtained
from the numerical solution of the discrete Gross-Pitaevskii
equation (21) using realistic interaction parameters for YIG.
By symmetry, for negative momenta we obtain identical re-
sults.
γ1/r1 |ψ1| |ψ3/ψ1| |ψ5/ψ1| |ψ7/ψ1| |ψ9/ψ1|
1.1 0.530 0.019 0.002 0 0
1.2 0.757 0.033 0.005 0.001 0
1.5 1.209 0.055 0.013 0.003 0.001
3.0 2.439 0.085 0.031 0.012 0.005
Fig. 3. (Color online) Absolute values |ψn| = |ψσn| of the
Fourier components of the order parameter for BEC in YIG for
different values of the dimensionless ratio γ1/r1 = γq/(q−µ).
The order parameter has been obtained from the numerical
solution of the discrete Gross-Pitaevskii equation (21), using
the fact that for YIG the three-point vertices V σσ1σ2nn1n2 vanish. In
this case the physically relevant solution of Eq. (21) has only
odd Fourier components. Note the Fourier components ψσ1 are
dominant and that the higher order Fourier components ψσn
decay approximately exponentially as a function of n.
±q. Note, however, that in principle also the higher or-
der Fourier components are finite. In fact, with increasing
amplitude of the pumping field the relative weight of the
higher order Fourier components also increases. For ex-
ample, from our numerical data shown in Table I we see
that for γ1/r1 = 3 the amplitude of the third Fourier com-
ponent ψσ±3 is approximately 8% of the amplitude of the
dominant component ψσ±1. If the first Fourier components
have the same order of magnitude and one uses realistic
parameters for YIG, we estimate that the effective lattice
spacing is 2pi/|q| ≈ 2 · 10−7 m, which is roughly a factor
of 100 larger than the spacing of the underlying Bravais
lattice.
4 Summary and conclusions
In summary, we have considered the general problem of
BEC in an interacting Bose gas whose energy dispersion
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has two degenerate minima at finite wave-vectors ±q. Our
main result is that for generic interactions the condensate
wave-function has finite Fourier components ψn for all in-
teger multiples qn = nq of the fundamental wave-vector q.
For special interactions many Fourier components ψn can
have the same order of magnitude, so that in real space
the condensate is strongly localized at the sites of a one-
dimensional lattice. In this case there is a formal analogy
between BEC and the liquid-solid transition.
We have also used our theory to study the condensate
wave-function of the condensed magnons in the magnetic
insulator yttrium-iron garnet. In this case it is appropriate
to think of magnon BEC as a condensation process in mo-
mentum space, because the condensate wave-function is
dominated by its leading Fourier components at ±q. How-
ever, if the amplitude of the oscillating external microwave
field is increased, then higher order Fourier components of
the condensate wave-function can be populated.
If one succeeds to extend the experiments which ob-
serve directly the magnon densities to wavevectors k & q
it should be possible to detect also these higher order com-
ponents. Since the order of magnitude of the higher order
Fourier components drops exponentially and delocaliza-
tion problems occur due to a finite slope of the dispersion
away from the minimum, it is a rather challenging task to
verify our prediction experimentally.
Finally, it should be mentioned that quite recently
Malomed et al. [33] studied the dynamics of BEC of
magnons in YIG within an approach where coupled time-
dependent Gross-Pitaevskii type of equations for the two
components of the condensate wave-function correspond-
ing to condensation at ±q are written down phenomeno-
logically. Note, however, that this approach neglects pro-
cesses which couple the dominant Fourier components ψ±1
to the higher order Fourier components of the condensate
wave-function.
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APPENDIX: MAGNON-MAGNON INTER-
ACTIONS IN YIG
In this appendix we outline the derivation of an effective
boson Hamiltonian of the form given in Eqs. (1–4) de-
scribing the lowest magnon band of YIG, starting from
the following time-dependent spin Hamiltonian, [7,16,17,
22,23,24]
HYIG(t) = −1
2
∑
ij
∑
αβ
[
Jijδ
αβ +Dαβij
]
Sαi S
β
j
−[h0 + h1 cos(ω0t)]∑
i
Szi , (A1)
where α, β = x, y, z label the three components of the spin
operators Sαi , and i, j = 1, . . . , N enumerate the N sites
ri of a cubic lattice with lattice spacing a ≈ 12.376 A˚.
The exchange couplings Jij = J(ri − rj) have the value
J ≈ 1.29K if ri − rj connect nearest neighbor sites and
vanish otherwise. The Zeeman energy associated with a
static external magnetic field He is denoted by h0 = µHe,
where µ = gµB with the Bohr magneton given by µB . Set-
ting g = 2 we should work with an effective spin S ≈ 14.2
as discussed in Refs. [7,16]. The time-dependent part of
Eq. (A1) represents the Zeeman energy induced by an ex-
ternal microwave field oscillating with frequency ω0. The
energy scale h1 associated with the oscillating component
of the magnetic field is assumed to be small compared
with h0, so that both the static and the oscillating mag-
netic field point into the direction of the macroscopic mag-
netization, which we call the z-direction (parallel pump-
ing). Finally, the matrix elements of the dipolar tensor
Dαβij = D
αβ(ri − rj) are
Dαβij = (1− δij)
µ2
|rij |3
[
3rˆαij rˆ
β
ij − δαβ
]
, (A2)
where rij = ri − rj and rˆij = rij/|rij |.
Because the experimentally relevant YIG stripes are
several thousand lattice spacings thick, we may assume
that for magnetic fields oriented along the direction of the
stripes the classical ground state is a saturated ferromag-
net with all spins pointing in the direction of the external
magnetic field. The components of the spin operators can
then be expressed in terms of canonical boson operators
bi and b
†
i as follows [25],
S+i =
√
2S
√
1− b
†
i bi
2S
bi =
√
2S
[
bi − b
†
i bibi
4S
+ . . .
]
,
(A3a)
S−i =
√
2Sb†i
√
1− b
†
i bi
2S
=
√
2S
[
b†i −
b†i b
†
i bi
4S
+ . . .
]
,
(A3b)
Szi = S − b†i bi, (A3c)
where S+i = S
x
i +iS
y
i and S
−
i = S
x
i −iSyi . Retaining terms
up to fourth order in the boson operators we obtain
HYIG(t) = H0(t) +H2(t) +H3 +H4 +O(S−1/2), (A4)
where the boson-independent term and the term quadratic
in the bosons are [7,17]
H0(t) = −S
2
2
∑
ij
[
Jij +D
zz
ij
]
−NS[h0 + h1 cos(ω0t)], (A5)
H2(t) =
∑
ij
[
Aijb
†
i bj +
Bij
2
(
bibj + b
†
i b
†
j
)]
+h1 cos(ω0t)
∑
i
b†i bi, (A6)
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with coefficients given by
Aij = δijhe + S(δij
∑
n
Jin − Jij)
+S
[
δij
∑
n
Dzzin −
Dxxij +D
yy
ij
2
]
, (A7)
Bij = −S
2
[Dxxij − 2iDxyij −Dyyij ]. (A8)
The cubic contribution H3 to the boson Hamiltonian is of
order
√
S and involves only the dipolar tensor,
H3 =
√
S
2
∑
ij
[(
Dzyij + iD
zx
ij
) (
b†i b
†
jbj +
1
4
b†i b
†
i bi
)
+ h.c.
]
.
(A9)
The quartic part of the boson Hamiltonian can be written
as
H4 = −1
2
∑
ij
Jij
[
ninj − 1
2
(
b†i b
†
jbjbj + h.c.
)]
+
1
2
∑
ij
(
Dxxij +D
yy
ij
) [
ninj +
1
4
(
b†i b
†
jbjbj + h.c.
)]
+
1
4
∑
ij
[(
Dxxij − 2iDxyij −Dyyij
)
b†i bibibj + h.c.
]
,
(A10)
where we have abbreviated ni = b
†
i bi. Next, we Fourier
transform the Hamiltonian to momentum space, setting
bi =
1√
N
∑
k
eik·ribk, (A11)
where for simplicity we impose periodic boundary condi-
tions in all directions. A more accurate calculation should
take into account the finite extend in the direction where
the experimentally relevant samples have the smallest ex-
tension (which we call the x-direction) [7]. For our purpose
it is sufficient to impose periodic boundary conditions in
all directions, which amounts to approximating the eigen-
functions of the exchange matrix Jij by plane waves. The
lowest magnon band is then obtained by simply setting
kx = 0. In Ref. [7] we have shown that this uniform mode
approximation reproduces the qualitative features of the
dispersion of the lowest magnon mode rather well. In mo-
mentum space, the quadratic part H2(t) of our bosonized
Hamiltonian becomes
H2 =
∑
k
[
Akb
†
kbk +
Bk
2
(
b†kb
†
−k + b−kbk
)]
+h1 cos(ω0t)
∑
k
b†kbk, (A12)
with
Ak =
∑
i
e−ik·rijAij , Bk =
∑
i
e−ik·rijBij . (A13)
The interaction parts can be written as
H3 =
1√
N
∑
k1k2k3
δk1+k2+k3,0
× 1
2!
[
Γ b¯bb1;23b
†
−1b2b3 + Γ
b¯b¯b
12;3b
†
−1b
†
−2b3
]
, (A14)
H4 =
1
N
∑
k1...k4
δk1+k2+k3+k4,0
[ 1
(2!)2
Γ b¯b¯bb12;34b
†
−1b
†
−2b3b4
+
1
3!
Γ b¯bbb1;234b
†
−1b2b3b4 +
1
3!
Γ b¯b¯b¯b123;4b
†
−1b
†
−2b
†
−3b4
]
, (A15)
where the properly symmetrized three-point vertices are
Γ b¯bb1;23 =
√
S
2
[
Dzyk2 − iDzxk2 + (k2 → k3)
+
1
2
(Dzy0 − iDzx0 )
]
, (A16)
Γ b¯b¯b12;3 =
(
Γ b¯bb3;21
)∗
, (A17)
and the symmetrized four-point vertices are
Γ b¯b¯bb12;34 = −
1
2
[
Jk1+k3 + Jk2+k3 + Jk1+k4 + Jk2+k4
+Dzzk1+k3 +D
zz
k2+k3 +D
zz
k1+k4 +D
zz
k2+k4
−
4∑
i=1
(Jki − 2Dzzki )
]
, (A18)
Γ b¯bbb1;234 =
1
4
[
Dxxk2 − 2iDxyk2 −D
yy
k2
+(k2 → k3) + (k2 → k4)
]
, (A19)
Γ b¯b¯b¯b123;4 =
(
Γ b¯bbb4;123
)∗
. (A20)
The Fourier transforms of the exchange and dipolar cou-
plings are defined by
Jk =
∑
i
e−ik·rijJij , (A21)
Dαβk =
∑
i
e−ik·rijDαβij . (A22)
Finally, we use a Bogoliubov transformation to diagonalize
the time-independent part of H2(t),(
bk
b†−k
)
=
(
uk −vk
−v∗k uk
)(
ak
a†−k
)
, (A23)
where
uk =
√
Ak + k
2k
, vk =
Bk
|Bk|
√
Ak − k
2k
, (A24)
and
k =
√
A2k − |Bk|2. (A25)
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After this transformation the quadratic part of the Hamil-
tonian reads [17,26]
H2(t) =
∑
k
[
ka
†
kak +
k −Ak
2
]
+h1 cos(ω0t)
∑
k
[
Ak
k
a†kak +
Ak − k
2k
]
+ cos(ω0t)
∑
k
[
γka
†
ka
†
−k + γ
∗
ka−kak
]
, (A26)
where
γk = −h1Bk
2k
. (A27)
Substituting the Bogoliubov transformation (A23) into
the expressions for H3 and H4 given in Eqs. (A14, A15),
we arrive at expressions given in Eqs. (3, 4), with the cubic
vertices explicitly given by
Γ aaa123 = −Γ b¯bb1;23v1u2u3 − Γ b¯bb2;13v2u1u3 − Γ b¯bb3;12v3u1u2
+Γ b¯b¯b12;3v1v2u3 + Γ
b¯b¯b
23;1v2v3u1 + Γ
b¯b¯b
13;2v1v3u2,
(A28a)
Γ a¯aa1;2,3 = Γ
b¯bb
1;23u1u2u3 + Γ
b¯bb
2;13v1v2u3 + Γ
b¯bb
3;12v1v3u2
−Γ b¯b¯b32;1v3v2v1 − Γ b¯b¯b12;3v2u1u3 − Γ b¯b¯b13;2v3u1u2,
(A28b)
Γ a¯a¯a12;3 =
(
Γ a¯aa3;21
)∗
, (A28c)
Γ a¯a¯a¯123 =
(
Γ aaa123
)∗
. (A28d)
The vertices appearing in the quartic part H4 of the
Hamiltonian in the Bogoliubov basis are (see Eq. (4))
Γ aaaa1234 = Γ
b¯b¯bb
12;34u1u2v3v4 + Γ
b¯b¯bb
13;24u1u3v2v4
+Γ b¯b¯bb14;23u1u4v2v3 + Γ
b¯b¯bb
23;14u2u3v1v4 + Γ
b¯b¯bb
24;13u2u4v1v3
+Γ b¯b¯bb34;12u3u4v1v2 − Γ b¯bbb4;123u1u2u3v4 − Γ b¯bbb3;124u1u2u4v3
−Γ b¯bbb2;134u1u3u4v2 − Γ b¯bbb1;234u2u3u4v1 − Γ b¯b¯b¯b234;1u1v2v3v4
−Γ b¯b¯b¯b134;2u2v1v3v4 − Γ b¯b¯b¯b124;3u3v1v2v4 − Γ b¯b¯b¯b123;4u4v1v2v3,
(A29a)
Γ a¯aaa1;234 = −Γ b¯b¯bb21;34u2v1v3v4 − Γ b¯b¯bb31;24u3v1v2v4
−Γ b¯b¯bb41;23u4v1v2v3 − Γ b¯b¯bb34;12u3u4u1v2 − Γ b¯b¯bb24;13u2u4u1v3
−Γ b¯b¯bb23;14u2u3u1v4 + Γ b¯bbb1;234u1u2u3u4 + Γ b¯bbb4;321u3u2v1v4
+Γ b¯bbb3;421u4u2v1v3 + Γ
b¯bbb
2;431u4u3v1v2 + Γ
b¯b¯b¯b
123;4u4u1v2v3
+Γ b¯b¯b¯b124;3u3u1v2v4 + Γ
b¯b¯b¯b
134;2u2u1v3v4 + Γ
b¯b¯b¯b
432;1v4v2v3v1,
(A29b)
Γ a¯a¯aa12;34 = Γ
b¯b¯bb
12;34u1u2u3u4 + Γ
b¯b¯bb
13;42u1u4v3v2
+Γ b¯b¯bb14;32u1u3v4v2 + Γ
b¯b¯bb
23;41u2u4v3v1 + Γ
b¯b¯bb
24;31u2u3v4v1
+Γ b¯b¯bb12;34v1v2v3v4 − Γ b¯bbb4;321u3v2v1v4 − Γ b¯bbb3;421u4v2v1v3
−Γ b¯bbb2;341u2u3u4v1 − Γ b¯bbb1;342u1u3u4v2 − Γ b¯b¯b¯b234;1u2v3v4v1
−Γ b¯b¯b¯b134;2u1v3v4v2 − Γ b¯b¯b¯b124;3u1u2u3v4 − Γ b¯b¯b¯b123;4u1u2u4v3,
(A29c)
and
Γ aaaa1234 = Γ
a¯a¯a¯a¯
1234 , (A29d)
Γ a¯aaa4;321 =
(
Γ a¯a¯a¯a123;4
)∗
. (A29e)
For nearest neighbor coupling on a cubic lattice with spac-
ing a the Fourier transform of the exchange coupling ap-
pearing in the above expressions is
Jk = 2J [cos(kxa) + cos(kya) + cos(kza)
]
. (A30)
The Fourier transform of the dipolar tensor is more com-
plicated. For a thin YIG film the minimum of the disper-
sion is at ±q = (0, 0,±q), so that in this work we only
need Dαβk as a function of kz for kx = ky = 0. For a film
with thickness d  a we then obtain in uniform mode
approximation [7],
Dxxkz =
4piµ2
a3
[
1
3
− fkz
]
, (A31a)
Dyykz =
4piµ2
3a3
, (A31b)
Dzzkz =
4piµ2
a3
[
−2
3
+ fkz
]
, (A31c)
Dxykz = D
xz
kz = D
yz
kz
= 0, (A31d)
where the form factor fkz is given by [6,7]
fkz =
1− e−|kz|d
|kz|d . (A32)
For the purpose of studying the phenomenon of para-
metric resonance [24,26,27,28,29,30,31], one usually sim-
plifies the Hamiltonian (A26) by dropping the second line.
involving the combination cos(ω0t)Aka
†
kak; moreover in
the last line one substitutes
γk cos(ω0t)→ γk
2
e−iω0t , γ∗k cos(ω0t)→
γ∗k
2
eiω0t.
(A33)
Although the validity of this approximation in the con-
text of YIG is questionable [17] (see also Ref. [32]), let us
assume here that it correcly describes at least some as-
pects of the experiments [1,2,3,4,5]. Our quadratic boson
Hamiltonian is then approximated by
H2(t) ≈
∑
k
ka
†
kak
+
1
2
∑
k
[
γke
−iω0ta†ka
†
−k + γ
∗
ke
iω0ta−kak
]
, (A34)
where we have dropped the constant terms. The explicit
time-dependence may now be removed by a canonical
transformation to the rotating reference frame,
a˜k = e
iω0t/2ak, a˜
†
k = e
−iω0t/2ak, (A35)
so that the transformed quadratic part of our Hamiltonian
is
H˜2 =
∑
k
[
˜ka˜
†
ka˜k +
γk
2
a˜†ka˜
†
−k +
γ∗k
2
a˜−ka˜k
]
, (A36)
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where ˜k = k−ω0/2. If we re-define again a˜k → ak, ˜k →
k, we arrive at the quadratic Hamiltonian in Eq. (2).
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